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Abstract
The planar Ramsey number PR(H1, H2) is the smallest integer n such that any planar graph on n vertices contains a copy of H1
or its complement contains a copy of H2. It is known that the Ramsey number R(K4 − e,K5) = 16. The planar Ramsey numbers
PR(K4 − e,K3) = 7 and PR(K4 − e,K4) = 10 are known. In this paper we show that PR(K4 − e,K5) = 14.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only ﬁnite undirected graphs without loops or multiple edges. For a graph G with vertex-set V (G) and
edge-set E(G), we denote the order and the size of G by p(G) = |V (G)| and q(G) = |E(G)|, respectively.
A graph G will be called an (H1, H2)-graph if it does not contain a subgraph isomorphic to H1, and its complement
G has no subgraph isomorphic to H2. An (H1, H2; n)-graph is an (H1, H2)-graph with order n. The Ramsey number
R(H1, H2) is the smallest integer n such that there is no (H1, H2; n)-graph, or equivalently, it is the least positive
integer n such that every 2-coloring of the edges of Kn contains a subgraph isomorphic to H1 in the ﬁrst color or a
subgraph isomorphic to H2 in the second color.
A graph is said to be embedded in a surface S when it is drawn on S so that no two edges intersect. A graph is planar,
if it can be embedded in the plane; a plane graph has already been embedded in the plane. We refer to the regions
deﬁned by a plane graph as its faces. A face is said to be incident with the vertices and edges in its boundary. The length
of a face is the number of edges with which it is incident. If a face has length , we say it is an -face. For a plane graph
G, let f denote the number of faces, and f3 denote the number of 3-faces.
A planar graph G will be called an (H1, H2)-P-graph if it does not contain a subgraph isomorphic to H1, and
its complement G has no subgraph isomorphic to H2. An (H1, H2; n)-P-graph is an (H1, H2)-P -graph with order
n. The planar Ramsey number PR(H1, H2) is the smallest integer n such that there is no (H1, H2; n)-P -graph. So
PR(H1, H2)R(H1, H2).
Let d(v) denote the degree of a vertex v ∈ V (G), (G) the minimum degree of G. The neighborhood and the
closed neighborhood of a vertex v ∈ V (G) are denoted by N(v) = {u ∈ V (G)|uv ∈ E(G)} and N [v] = N(v) ∪ {v},
respectively. Let G ∪ H denote a disjoint sum of G and H, and nG is a disjoint sum of n copies of G. G denotes the
complement of G. Let G[W ] denote the subgraph of G induced by W ⊆ V (G).
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The other notations will conform to those used in [6].
For Ramsey numbers, McKay and Radziszowski [7] proved that
R(K4,K5) = 25.
Bolze and Harborth [4] proved that
R(K4 − e,K5) = 16.
For further general reading see the latest survey provided by Radziszowski [8].
The deﬁnition of planar Ramsey numbers was ﬁrst introduced by Walker [10]. Steinberg and Tovey [9] studied the
case when both H1 and H2 are complete. They proved that
PR(K2,Kl) = l,
PR(Kk,K2) = k, k4,
PR(K3,Kl) = 3l − 3,
PR(Kk,Kl) = 4l − 3, k4 and (k, l) = (4, 2).
Bielak and Gorgol [3] studied the case when H1 has order at most 4 and H2 is complete, and proved that
PR(K1,2,Kl) = 2l − 1,
PR(2K2,Kl) = l + 2, l2,
PR(K1,3,Kl) = PR(P4,Kl) = PR(K1,3 + e,Kl) = 3l − 2, l2,
PR(K4 − e,K3) = PR(C4,K3) = 7,
PR(K4 − e,K4) = PR(C4,K4) = 10.
Bielak and Gorgol [2] proved that
PR(C4,K5) = 13.
Bielak [1] proved that
PR(C4,K6) = 17.
For a connected graph H1 with order at least 5, Gorgol [5] proved that
PR(H1,Kl) = 4l − 3.
In this paper, we study the case when (H1, H2) = (K4 − e,K5). By the following lemmas, we prove that PR(K4 −
e,K5) = 14 in Section 3.
2. Preliminary results
Lemma 2.1. If G is a planar graph such that K4 − eG, then q(G)12(p(G) − 2)/5.
Proof. Counting edges via faces of G yields 3f3 +4(f −f3)2q, by Euler’s equation, 3f3 +4(q −p+2−f3)2q.
So, we have
2q4p + f3 − 8. (1)
Since K4 − eG, no two triangles have a common edge, it follows:
3f3q. (2)
Hence, 2q4p + q/3 − 8 implying q12(p − 2)/5. 
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Fig. 1. The graph G9−0.
Lemma 2.2. If G is a (K4 − e,K3; 5)-P-graph, then GC5 or K2 ∪ K3 ⊆ G.
Proof. Case 1: Suppose that K3 ⊆ G. Let v1v2v3 be a triangle in G. Let v4 and v5 be the other two vertices. Since
K4 − eG, each vertex of {v4, v5} is adjacent to at most one vertex of {v1, v2, v3}, so, there is at least one vertex of
{v1, v2, v3}, say v3, which is nonadjacent to both v4 and v5. Since K3G, we have v4v5 ∈ E(G), i.e. K2 ∪ K3 ⊆ G.
Case 2: Suppose that K3G. It is well known that C5 is the only (K3,K3; 5)-graph. 
Lemma 2.3. If G is a (K4 − e,K3; 6)-P-graph, then 2K3 ⊆ G.
Proof. Since R(K3,K3) = 6 and K3G we have K3 ⊆ G. Let v1v2v3 be a triangle in G. Let v4, v5 and v6 be the
other vertices. Since K4 − eG, each vertex of {v4, v5} is adjacent to at most one vertex of {v1, v2, v3}, so, there is at
least one vertex of {v1, v2, v3}, which is nonadjacent to both v4 and v5. Since K3G, we have v4v5 ∈ E(G). Similarly,
v4v6 ∈ E(G), v5v6 ∈ E(G). Hence, 2K3 ⊆ G. 
Let G9−0 be the graph as shown in Fig. 1, we have:
Lemma 2.4. If G is a (K4 − e,K4; 9)-P-graph, then 3K3 ⊆ G or G9−0 ⊆ G.
Proof. Let v be a vertex of degree (G) and let H = G − N [v].
If (G)1, then p(H)7. Since PR(K4 − e,K3) = 7 and K4 − eH it follows K3 ⊆ H . The appropriate three
vertices of H together with v would yield a K4 in G, a contradiction. So, (G)2. By Lemma 2.1, q(G)12(9−2)/5
implying q(G)16. Hence (G)3. There remain two cases depending on (G):
Case 1: Suppose that (G) = 2, then p(H) = 6. By Lemma 2.3, 2K3 ⊆ H . Let N(v) = {u1, u2}. Let a1a2a3 and
b1b2b3 be the two triangles.
Case 1.1: Suppose that u1u2 ∈ E(G), then 3K3 ⊆ G.
Case 1.2: Suppose that u1u2 /∈E(G). Since K4 − eG, each vertex of {u1, u2} is adjacent to at most one vertex of
each of the two triangles. So there is at least one vertex of {a1, a2, a3}, say a3, which is nonadjacent to both u1 and u2,
and there is at least one vertex of {b1, b2, b3}, say b3, which is nonadjacent to both u1 and u2. Since K4G, we have
a3b3 ∈ E(G). If a1 is nonadjacent to both u1 and u2, then a1, u1, u2 and b3 would yield a K4 in G, a contradiction. So
a1 is adjacent to at least one vertex of {u1, u2}. Similarly, a2 is adjacent to at least one vertex of {u1, u2}. Since each
vertex of {u1, u2} is adjacent to at most one vertex of {a1, a2}, there is a perfect matching between the vertices of the
sets {a1, a2} and {u1, u2}. Similarly, there is a perfect matching between the vertices of the sets {b1, b2} and {u1, u2}
and then in any case we have GG9−0.
Case 2: Suppose that (G) = 3, then p(H) = 5. By Lemma 2.2, K2 ∪ K3 ⊆ H or HC5. Since K4 − eG it
follows |E(G[N(v)])|1. Let N(v) = {u1, u2, u3}.
Case 2.1: Suppose that K2 ∪ K3 ⊆ H . Let a1a2 and b1b2b3 denote the K2 and K3, respectively.
If |E(G[N(v)])| = 0, then, since K4G, each vertex of {b1, b2, b3} is adjacent to at least one vertex of {u1, u2, u3}.
Since K4 − eG, each vertex of {u1, u2, u3} is adjacent to at most one vertex of {b1, b2, b3}. So there is a perfect
matching between the vertices of the sets {u1, u2, u3} and {b1, b2, b3}. Since (G) = 3, each vertex of {u1, u2, u3} is
adjacent to at least one of the two vertices of {a1, a2}. The graph obtained by contracting a1a2 to a new vertex A, and
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Fig. 2. The graphs G9−1–G9−4.
b1b2b3 to B would be isomorphic to K3,3 being nonplanar. Hence, |E(G[N(v)])| = 1. Without loss of generality, we
assume that u2u3 ∈ E(G).
Case 2.1.1: Suppose that u1 is adjacent to both a1 and a2, then 3K3 ⊆ G.
Case 2.1.2: Suppose that u1 is adjacent to at most one vertex of a1 and a2. Since K4 − eG, u1 is adjacent to at
most one vertex of {b1, b2, b3}. Therefore, since d(u1)3, u1 has to be adjacent to just one vertex of {a1, a2}, say a1,
and just one vertex of {b1, b2, b3}, say b1. Since K4 − eG, a2 is adjacent to at most one vertex of {u2, u3} and at
most one vertex of {b1, b2, b3}. Therefore, since d(a2)3, a2 has to be adjacent to just one vertex of {u2, u3}, say u2.
Since K4 − eG, u3 is nonadjacent to a2 and nonadjacent to at least one vertex of {b2, b3}, say b2. If a2b2 /∈E(G),
u1, a2, b2 and u3 would yield a K4 in G, so a2b2 ∈ E(G). Since K4 − eG, it follows a2b3 /∈E(G). If u3b3 /∈E(G),
u1, a2, b3 and u3 would yield a K4 in G, so u3b3 ∈ E(G), i.e. G9−0 ⊆ G (see Fig. 2, graph G9−1).
Case 2.2: Suppose thatHC5. Let a1a2a3a4a5 denote theC5. Suppose that there exists one vertexui(i=1, 2, 3) such
that two vertices of N(ui)∩V (C5) are not consecutive, say u2a2, u2a4 ∈ E(G). Since K4 −eG, u2 is nonadjacent to
at least one vertex of {a1, a5}, say a1u2 /∈E(G). Therefore, since d(a1)3, a1 has to be adjacent to at least one vertex
of {u1, u3}, say a1u1 ∈ E(G). Similarly, since K4 − eG and d(a3)3, a3 has to be adjacent to at least one vertex of
{u1, u3}. If a3u1 ∈ E(G),Gwould contain a subgraph homeomorphic toK3,3 ({a1, a3, u2, a2, a4, u1}), a contradiction
to the planarity of G (see Fig. 2, graph G9−2). If a3u3 ∈ E(G), G would also contain a subgraph homeomorphic to
K3,3 ({a1, a3, u2, a2, a4, v}). Hence the vertices of N(ui)∩V (C5) are consecutive for 1 i3. Since K4 − eG and
(G) = 3, we have 1 |N(ui) ∩ V (C5)|2 for 1 i3.
Since |E(G[N(v)])|1, there is at least one vertex ofN(v) that is nonadjacent to the other two vertices ofN(v), say
u1. Therefore, since d(u1)3, u1 has to be adjacent to two consecutive vertices of V (C5). Without loss of generality,
we assume that a1u1, a2u1 ∈ E(G). Then aiu1 /∈E(G) for 3 i5. Since d(a3)3, a3 is adjacent to at least one
vertex of {u2, u3}, say u2. Then we have a5u2 /∈E(G). Therefore, since d(a5)3, a5 has to be adjacent to u3. If
u2u3 ∈ E(G), it follows G9−0 ⊆ G (see Fig. 2, graph G9−3). If u2u3 /∈E(G), then, since d(a4)3, a4 is adjacent to
at least one vertex of {u2, u3}. And then in any case we have G9−0 ⊆ G (see Fig. 2, graph G9−4). 
Lemma 2.5. There is no (K4 − e,K5; 14)-P-graph.
Proof. We prove it by way of contradiction. Suppose that there is a (K4 − e,K5; 14)-P -graph G. Let v be a vertex of
degree (G) and let H = G − N [v].
If (G)3, then p(H)10. Since PR(K4 − e,K4) = 10 and K4 − eH it follows K4 ⊆ H . The appropriate four
vertices ofH together with v would yield aK5 inG, a contradiction. So, (G)4. By Lemma 2.1, q(G)12(14−2)/5
implying q(G)28. Hence, q(G) = 28, and G is a 4-regular graph.
Since K4 −eG, G[N(v)] is isomorphic to one of {4K1, 2K1 ∪K2, 2K2} for v ∈ V (G). By inequalities (1) and (2)
in Lemma 2.1, we have 8f39. Therefore, there is at least one edge, say uv, which does not belong to any triangle.
We have G[N(v)]2K2 and G[N(u)]2K2. Since f38, there are at most four edges which do not belong to any
triangle. Hence, there is at least one of {G[N(v)],G[N(u)]}, say G[N(v)], which is isomorphic to 2K1 ∪ K2.
Let N(v) = {u1, u2, u3, u4}, without loss of generality, we assume that u3u4 ∈ E(G). Since p(H) = 9, by Lemma
2.4, 3K3 ⊆ H or G9−0 ⊆ H . There are two cases:
Case 1: Suppose that 3K3 ⊆ H . Let a1a2a3, b1b2b3 and c1c2c3 denote the three triangles. Since (G) = 4 and
K4 − eG, each vertex of {u1, u2} has to be adjacent to just one vertex of each of the three triangles. Similarly,
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Fig. 3. The graphs G14−1–G14−2.
each vertex of {u3, u4} is adjacent to vertices of at least two of the three triangles. Therefore, there are at least two
triangles, say a1a2a3 and b1b2b3, whose vertices are adjacent to at least one vertex of {u3, u4}. The graph obtained by
contracting a1a2a3 to a new vertex A, b1b2b3 to B and u3u4 to U, would contain a subgraph isomorphic to K3,3 being
nonplanar.
Case 2: Suppose that G9−0 ⊆ H . Let V (H) = {ai |1 i9} as shown in Fig. 3. If a6 is adjacent to a1, G would
contain a subgraph homeomorphic to K3,3 ({a1, a5, a8, a2, a3, a6}) being nonplanar. Hence a6 is nonadjacent to a1.
Similarly, a9 is nonadjacent to a1. Since K4 −eG, a6 is nonadjacent to any vertex of {a2, a3, a7, a8}. Therefore, since
d(a6)= 4, a6 has to be adjacent to at least one vertex of N(v). If a1 is adjacent to one vertex of N(v), G would contain
a subgraph homeomorphic to K3,3 (see Fig. 3, graph G14−1), a contradiction to the planarity of G. Since d(a1) = 4
and K4 − eG, a1 has to be adjacent to both a4 and a8, or both a5 and a7. By symmetry, we may assume that a1 is
adjacent to both a4 and a8.
Since K4 − eG, a5 is nonadjacent to any vertex of {a1, a2, a8, a9}. If a5 is adjacent to a7, G would contain a
subgraph homeomorphic to K3,3 ({a2, a5, a9, a3, a6, a7}) being nonplanar. Therefore, since d(a5) = 4, a5 has to be
adjacent to at least one vertex of N(v). Since K4 − eG, a7 is nonadjacent to any vertex of {a1, a3, a4, a6}. Therefore,
since d(a7) = 4, a7 has to be adjacent to at least one vertex of N(v), G would contain a subgraph homeomorphic to
K3,3 (see Fig. 3, graph G14−2), a contradiction to the planarity of G.
From Cases 1 and 2, we have that there is no (K4 − e,K5; 14)-P -graph. 
3. The main result
Theorem 3.1. PR(K4 − e,K5) = 14.
Proof. By Lemma 2.5, we have PR(K4 − e,K5)14. In Fig. 4, we show a planar graph G13 with order 13.
Since there are eight triangles in G13, and no two triangles have a common edge, we have K4 − eG13. Sup-
pose that K5 ⊆ G13. Let H be a subgraph K5 in G13. Since there is at most one vertex which belongs to V (H)
in each triangle of {v1v2v3, v4v5v8, v7v9v10, v6v11v13}, it is forced that v12 ∈ V (H). Hence, {v2, v9, v13}V (H).
Since there is at most one vertex which belongs to V (H) in each triangle of {v1v5v6, v3v4v7, v8v10v11}, it fol-
lows |V (H)|4, a contradiction. We have K5G13, that is, G13 is a (K4 − e,K5; 13)-P -graph. Hence PR
(K4 − e,K5) = 14. 
By Bielak and Gorgol [3] and Theorem 3.1, we have
PR(K4 − e,K3) = 7,
PR(K4 − e,K4) = 10,
PR(K4 − e,K5) = 14.
The problem of determining the values of PR(K4 − e,Kl) is still remaining open for l6.
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Fig. 4. A (K4 − e,K5; 13)-P -graph G13.
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